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MOTIVATIONS



Resurgent asymptotic series arise naturally as perturbative expansions in quantum theories. 

The machinery of resurgence uniquely associates them with a non-trivial collection of 
complex numbers, known as Stokes constants, capturing information about the non-
perturbative sectors of the theory. 

In some remarkable cases, the Stokes constants can be (conjecturally) interpreted in terms of 
enumerative invariants based on the counting of BPS states. 

• Seiberg–Witten curve of 4d  super Yang-Mills theory 
[Grassi, Gu, Mariño, 2019] 

• Complex Chern–Simons theory on Seifert fibered homology spheres 
[Andersen, Mistegård, 2018] 

• Complex Chern–Simons theory on complements of hyperbolic knots 
[Garoufalidis, Gu, Mariño, 2020] 

• Standard topological string theory on (toric) Calabi–Yau 3-folds for 
[Gu, Mariño, 2021 - 2022 - Rella, 2022 - Gu, Kashani-Poor, Klemm, Mariño, 2023] 

• Nekrasov–Shatashvili topological string theory on toric Calabi–Yau 3-folds for 
[Gu, Mariño, 2022 - Rella, 2022]

𝒩 = 2

gs → 0

ℏ → 0

Enumerative invariants from resurgence



THE RESURGENCE TOOLBOX



Let  be a (simple) resurgent Gevrey-1 asymptotic series of the form 

Its Borel–Laplace resummation is the two-step process

  

where , . If  is a logarithmic branch point, we have

where  is the Stokes constant. When , the line  is a Stokes ray.

ϕ(z)

ϕ(z) =
∞

∑
n=0

anzn ∈ ℂ[[z]] , an ∼ A−nn! n ≫ 1 , A ∈ ℝ .

ϕ(z) ⟶ ̂ϕ(ζ) =
∞

∑
k=0

ak

k!
ζk

locally analytic at ζ = 0
with singularities at ζ = ζω

⟶ sθ(ϕ)(z) = ∫ρθ

e−ζ ̂ϕ(ζz) dζ

locally analytic in the complex z-plane 
with discontinuities at arg(z) = arg(ζω)

,

ρθ = eiθ ℝ+ θ = arg(ζ) ζω

̂ϕ(ζ) = −
Sω

2π i
log(ζ − ζω) ̂ϕω(ζ − ζω)

locally analytic at ζ − ζω = 0

+ … ,

Sω ∈ ℂ θ = arg(ζω) ρθ

Resurgence in quantum theories — I



                                                             The discontinuity across the Stokes ray  is given by

                                                                         

          
                                                              The Stokes automorphism  across  is defined by 

                                                                                             

Schematically, 
Each series can be promoted to basic trans-series as

                 

The minimal resurgent structure of  is the 
smallest subset of   which is closed under 

Peacock patterns are expected in theories 
controlled by quantum curves.

ρθ

discθϕ(z) = sθ+
(ϕ)(z) − sθ−

(ϕ)(z) =

= ∑
ω

Sω e−ζω/z sθ−
(ϕω)(z) .

𝔖θ ρθ

sθ+
= sθ−

∘ 𝔖θ .

ϕ ⟶ {ϕω , Sω} ⟶ {ϕω′ , Sωω′ } .

Φω(z) = e−ζω/z ϕω(z) .

ϕ(z)
{Φω(z)} 𝔖 .

Resurgence in quantum theories — II

<latexit sha1_base64="n+qS7gkDXQgHfA53bou7Vtd5YMA=">AAAB7XicdVDJSgNBEO2JW4xb1KOXxiB4GmZCojkGPOgxglkgGUJPpydp09M9dNcIYcg/ePGgiFf/x5t/Y2cRXB8UPN6roqpemAhuwPPendzK6tr6Rn6zsLW9s7tX3D9oGZVqyppUCaU7ITFMcMmawEGwTqIZiUPB2uH4Yua375g2XMkbmCQsiMlQ8ohTAlZq9WDEgPSLJc8te7VqtYp/E9/15iihJRr94ltvoGgaMwlUEGO6vpdAkBENnAo2LfRSwxJCx2TIupZKEjMTZPNrp/jEKgMcKW1LAp6rXycyEhsziUPbGRMYmZ/eTPzL66YQ1YKMyyQFJuliUZQKDArPXscDrhkFMbGEUM3trZiOiCYUbEAFG8Lnp/h/0iq7/plbua6U6pfLOPLoCB2jU+Sjc1RHV6iBmoiiW3SPHtGTo5wH59l5WbTmnOXMIfoG5/UDFNiPgQ==</latexit>

✓

<latexit sha1_base64="6f9YnOKLbcMMl0DsYWAMJnSMGaU=">AAAB9XicdVDLSsNAFJ3UV62vqks3g0VwFZLSapcFF7qsYB/QxDKZ3rRDJ5MwM1Fq6H+4caGIW//FnX/j9CH4PHDhcM693HtPkHCmtOO8W7ml5ZXVtfx6YWNza3unuLvXUnEqKTRpzGPZCYgCzgQ0NdMcOokEEgUc2sHobOq3b0AqFosrPU7Aj8hAsJBRoo107d2BJr3MiyMYkEmvWHLsslOrVqv4N3FtZ4YSWqDRK755/ZimEQhNOVGq6zqJ9jMiNaMcJgUvVZAQOiID6BoqSATKz2ZXT/CRUfo4jKUpofFM/TqRkUipcRSYzojoofrpTcW/vG6qw5qfMZGkGgSdLwpTjnWMpxHgPpNANR8bQqhk5lZMh0QSqk1QBRPC56f4f9Iq2+6JXbmslOrnizjy6AAdomPkolNURxeogZqIIonu0SN6sm6tB+vZepm35qzFzD76Buv1A3CWkys=</latexit>

⇣!

<latexit sha1_base64="DRbAdc+BTIrdpQQq4UDM7pgYv2E=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuQlJa7bLgQpcV7AOaUCbTSTN0kokzN4US+h1uXCji1o9x5984fQg+D1w4nHMv994TpIJrcJx3a2V1bX1js7BV3N7Z3dsvHRy2tcwUZS0qhVTdgGgmeMJawEGwbqoYiQPBOsHocuZ3xkxpLpNbmKTMj8kw4SGnBIzkeyqS/dyDiAGZ9ktlx6449Vqthn8T13bmKKMlmv3SmzeQNItZAlQQrXuuk4KfEwWcCjYteplmKaEjMmQ9QxMSM+3n86On+NQoAxxKZSoBPFe/TuQk1noSB6YzJhDpn95M/MvrZRDW/ZwnaQYsoYtFYSYwSDxLAA+4YhTExBBCFTe3YhoRRSiYnIomhM9P8f+kXbHdc7t6Uy03rpZxFNAxOkFnyEUXqIGuURO1EEV36B49oidrbD1Yz9bLonXFWs4coW+wXj8At7OSww==</latexit>⇢✓
<latexit sha1_base64="I7fX16quMl+mJdgvivLL7phXIrw=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCIAyTkGiOAQ96jGAWyAxDT6cn06RnobtGiEO+xIsHRbz6Kd78GzuL4Pqg4PFeFVX1/FRwBbb9bhRWVtfWN4qbpa3tnd2yubffVUkmKevQRCSy7xPFBI9ZBzgI1k8lI5EvWM8fX8z83i2TiifxDUxS5kZkFPOAUwJa8syyI8PEyx0IGRDvdOqZFduq2c1Go4F/k6plz1FBS7Q9880ZJjSLWAxUEKUGVTsFNycSOBVsWnIyxVJCx2TEBprGJGLKzeeHT/GxVoY4SKSuGPBc/TqRk0ipSeTrzohAqH56M/Evb5BB0HRzHqcZsJguFgWZwJDgWQp4yCWjICaaECq5vhXTkEhCQWdV0iF8for/J92aVT2z6tf1SutyGUcRHaIjdIKq6By10BVqow6iKEP36BE9GXfGg/FsvCxaC8Zy5gB9g/H6AVVzk5I=</latexit>⇢✓+

<latexit sha1_base64="MfY6N5ukfB28bl76fAMc76iul6o=">AAAB+HicdVDJSgNBEO2JW4xLRj16aQyCF4dJSDTHgAc9RjALZIahp9OTadKz0F0jxCFf4sWDIl79FG/+jZ1FcH1Q8Hiviqp6fiq4Att+Nworq2vrG8XN0tb2zm7Z3NvvqiSTlHVoIhLZ94ligsesAxwE66eSkcgXrOePL2Z+75ZJxZP4BiYpcyMyinnAKQEteWbZkWHi5Q6EDIh3OvXMim3V7Gaj0cC/SdWy56igJdqe+eYME5pFLAYqiFKDqp2CmxMJnAo2LTmZYimhYzJiA01jEjHl5vPDp/hYK0McJFJXDHiufp3ISaTUJPJ1Z0QgVD+9mfiXN8ggaLo5j9MMWEwXi4JMYEjwLAU85JJREBNNCJVc34ppSCShoLMq6RA+P8X/k27Nqp5Z9et6pXW5jKOIDtEROkFVdI5a6Aq1UQdRlKF79IiejDvjwXg2XhatBWM5c4C+wXj9AFh9k5Q=</latexit>⇢✓�



TOPOLOGICAL STRINGS BEYOND  
PERTURBATION THEORY



Let  be a toric Calabi–Yau 3-fold. The Weyl quantization of its mirror curve  
leads to (positive-definite and trace-class) quantum operators , acting on . 
[Grassi, Hatsuda, Mariño, 2014 - Codesido, Grassi, Mariño, 2015] 

Their generalized Fredholm determinant defines the fermionic spectral traces by 

  

The total grand potential of topological string theory on  can be written as 
[Hatsuda, Mariño, Moriyama, Okuyama, 2013]

The Topological Strings/Spectral Theory correspondence states that 
[Hatsuda, Moriyama, Okuyama, 2012 - Grassi, Hatsuda, Mariño, 2014 - Codesido, Grassi, Mariño, 2015] 

X Σ ⊂ ℂ* × ℂ*
ρj=1,…,gΣ

L2(ℝ)

Ξ( ⃗κ, ⃗ξ, ℏ) = ∑
N1≥0

⋯ ∑
NgΣ≥0

Z( ⃗N , ⃗ξ, ℏ) κN1
1 ⋯κNgΣ

gΣ
.

X

J( ⃗μ , ⃗ξ, ℏ) = JWS( ⃗μ , ⃗ξ, ℏ)

standard
topological string

+ JWKB( ⃗μ , ⃗ξ, ℏ)

Nekrasov-Shatashvili
topological string

.

Z( ⃗N , ⃗ξ, ℏ) =
1

(2π i)gΣ ∫
i∞

−i∞
dμ1⋯∫

i∞

−i∞
dμgΣ

eJ( ⃗μ, ⃗ξ,ℏ)− ⃗N ⋅ ⃗μ , (κj = eμj) .

From topological strings to quantum operators and back



Let  be analytically continued to . Consider the semiclassical 
perturbative expansion

which is a (simple) resurgent Gevrey-1 asymptotic series.

We describe a conjectural proposal for the minimal resurgent 
structure of  at fixed :

                 (peacock patterns),
                              
where , , , and . 

The corresponding Stokes constants satisfy

                (q-series),  

and they give non-trivial enumerative invariants of the geometry.

Z( ⃗N , ⃗ξ, ℏ) ℏ ∈ ℂ \ ℝ≤0

ϕ ⃗N (ℏ) = log Z( ⃗N , ⃗ξ, ℏ → 0) , ⃗N ∈ ℕgΣ ,

ϕ ⃗N (ℏ) ⃗N

Φσ,n; ⃗N (ℏ) = e−n A
ℏ ϕσ; ⃗N (ℏ)

n ∈ ℕ σ ∈ {0,…, l} l ∈ ℕ+ A ∈ ℂ

Sσ,σ′ ,n; ⃗N ∈ ℚ , Sσ,σ′ ; ⃗N (q) = ∑
n∈ℕ

Sσ,σ′ ,n; ⃗N qn

Resurgence in topological string theory — I



Consider the dual weakly-coupled regime  (strong-weak coupling duality). 

At fixed , the (simple) resurgent Gevrey-1 asymptotic series

is conjectured to have the same resurgent structure described before: 

Some remarks:

1. The asymptotic expansion  has an exponential pre-factor of the form 
 (conifold volume conjecture for toric CYs).

        [Gu, Mariño, 2021] 

2. The asymptotic expansion  has no exponential pre-factor of the form 
 (new analytic prediction of the TS/ST correspondence).

        [Rella, 2022]

gs ∝ ℏ−1 → 0

⃗N

ψ ⃗N (gs) = log Z( ⃗N , ⃗ξ, ℏ → ∞) , ⃗N ∈ ℕgΣ ,

peacock pattern
in the Borel plane

⟶ infinitely many
Stokes constants in ℚ

⟶ integer invariants
of the geometry

Z( ⃗N , ⃗ξ, ℏ → ∞)
e−1/gs

Z( ⃗N , ⃗ξ, ℏ → 0)
e−1/ℏ

Resurgence in topological string theory — II



LOCAL  — A CASE STUDYℙ2



Local  is the total space of the canonical bundle 
over the projective surface . It is a toric del Pezzo 
CY 3-fold with one complex modulus  and 
no mass parameters.

The first spectral trace  is known in closed form, 
showing an explicit factorization into 
holomorphic/anti-holomorphic blocks.
[Kashaev, Mariño, 2015 - Gu, Mariño, 2021] 

We obtain an all-orders perturbative expansion for , 
which gives a Gevrey-1 asymptotic series 

               

We present a fully analytic solution to the resurgent structure of .
[Rella, 2022]                        

Proposition: The Borel transform  can be explicitly resummed into a well-defined, 
exact function of .

ℙ2

ℙ2

κ

Zℙ2(1,ℏ)

Zℙ2(1, ℏ → 0)

ϕ(ℏ) =
∞

∑
n=1

a2nℏ2n ∈ ℚ[[ℏ]] , a2n ∼ (−1)n(2n)!(4π2/3)−2n n ≫ 1 .

ϕ(ℏ)

̂ϕ(ζ)
ζ ∈ ℂ

Exact solution to the resurgent structure at weak coupling — I
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Corollary 1: The Borel transform  is simple resurgent, and its singularities are 
logarithmic branch points at 

                                    

Corollary 2: The local expansion of  at  is given by

                     

where . The Stokes constants  are accessible analytically.

Proposition: After being normalized, the Stokes constants  are rational 
numbers and simply related to a non-trivial sequence of integers .              

                     

                           

̂ϕ(ζ)

ζn =
4π2i

3
n , n ∈ ℤ≠0 .

̂ϕ(ζ) ζ = ζn

̂ϕ(ζ) = −
Sn

2π i
log(ζ − ζn) + … , n ∈ ℤ≠0 ,

̂ϕn(ζ) = 1 Sn

Sn
αn

S1 = 3 3i ,
Sn

S1
=

αn

n
∈ ℚ>0 n ∈ ℤ≠0,1 ,

αn = − α−n , αn ∈ ℤ>0 n ∈ ℤ>0 .

Exact solution to the resurgent structure at weak coupling — II
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Analogously, we obtain an all-orders perturbative expansion for , which 
gives a Gevrey-1 asymptotic series 

               

                        

We present a fully analytic solution to the resurgent structure of :
[Rella, 2022] 

1. Exact, explicit resummation of  as a simple resurgent function.

2. Logarithmic branch points at .

3. Local expansion at :

       

Proposition:   

                            

Zℙ2(1, ℏ → ∞)

ψ (τ) =
∞

∑
n=1

b2nτ2n−1 ∈ ℚ[π, 3][[τ]] , τ = −
2π
3ℏ

.

b2n ∼ (−1)n(2n)!(2π/3)−2n , n ≫ 1 .

ψ(τ)

ψ̂(ζ)
ζn =

2π i
3

n, n ∈ ℤ≠0

ζ = ζn

ψ̂(ζ) = −
Rn

2π i
log(ζ − ζn) + … ⟶ ψ̂n(ζ) = 1 , n ∈ ℤ≠0 .

R1 = 3 , Rn = R1
βn

n
∈ ℚ≠0 n ∈ ℤ≠0,1 ,

βn = β−n , βn ∈ ℤ≠0 n ∈ ℤ>0 .

Exact solution to the resurgent structure at strong coupling
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We present exact number-theoretic statements on the Stokes constants , . 
[Rella, 2022] 

Proposition 1: The normalized Stokes constants are divisor sum functions:

Proposition 2: The Stokes constants have generating functions given by -series. As a 
consequence, we obtain exact expressions for the discontinuities of  across the 
positive imaginary axis:

 

 

where , , and .

Sn, Rn n ∈ ℤ>0

Sn
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= ∑

d |n
d ≡3 1
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d |n
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q
ϕ(ℏ), ψ(τ)

disc π
2

ϕ(ℏ) =
∞

∑
n=1

Sn q̃n = − iπ − 3 log
(w; q̃)∞

(w−1; q̃)∞
,

disc π
2

ψ(τ) =
∞

∑
n=1

Rn qn = 3 log
(q2/3; q)∞

(q1/3; q)∞
,

w = e
2π
3 i q̃ = e2πiτ = e− 4π2

3ℏ i q = e− 2π
τ i = e3iℏ

Closed formulae for the Stokes constants



Proposition 1: The normalized Stokes constants are multiplicative arithmetic functions: 

where  and  are known in closed form. 

Proposition 2: The perturbative coefficients , , satisfy exact large-order 
relations: 

 

Corollary 1: The Dirichlet series defined by the Stokes constants satisfy an Euler product 
expansion indexed by the set of prime numbers. They are, indeed, L-series. 

Corollary 2: The perturbative coefficients , , are values of L-series 
evaluated at integer points.

Sn
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= ∏

p∈ℙ

Spe

S1
,

Rn

R1
= ∏

p∈ℙ

Rpe

R1
, n = ∏

p∈ℙ

pe , e ∈ ℕ ,

Spe Rpe

a2n, b2n n ∈ ℤ>0

a2n =
(−1)n

π i
Γ(2n)
A2n

∞

∑
m=1

Sm

m2n

 Dirichlet series
evaluated at 2n

, b2n =
(−1)n

π
Γ(2n − 1)

A2n−1

∞

∑
m=1

Rm

m2n−1

 Dirichlet series
evaluated at 2n − 1

.

a2n, b2n n ∈ ℤ>0

A bridge to analytic number theory — I



Recall that the multiplication of Dirichlet series is compatible with the Dirichlet convolution 
of arithmetic functions, that is,  

 

Theorem: The weak and strong coupling L-series factorise according to the Dirichlet 
decomposition of the Stokes constants into the product of two well-known L-functions: 

        ( ), 

      ( ), 

where , . 

Corollary: The weak and strong coupling L-functions are related by a symmetric unitary 
shift in the arguments of the factors.

f(m) = (f1 * f2)(m) , m ∈ ℤ>0 ⟶
∞

∑
m=1

f(m)
ms

=
∞

∑
m=1

f1(m)
ms

∞

∑
m=1

f2(m)
ms

, s ∈ ℂ , ℜ(s) > 1 .

Sm

S1
= (χ3,2F−1 * F0)(m) ⟶

∞

∑
m=1

Sm /S1

ms
= L(s + 1, χ3,2) ζ(s) ℏ → 0

Rm

R1
= (χ3,2F0 * F−1)(m) ⟶

∞

∑
m=1

Rm /R1

ms
= L(s, χ3,2) ζ(s + 1) ℏ → ∞

Fα(m) = mα χ3,2(m) = [m]3

A bridge to analytic number theory — II 



CONCLUSIONS



The resurgent analysis of the perturbative expansions of the topological string on a toric CY 
3-fold unveils a universal mathematical structure of non-perturbative sectors (peacock 
patterns) and Stokes constants (enumerative invariants), whose geometric and physical 
understanding is still missing. 

The example of the first spectral trace of local  displays a striking number-theoretic 
fabric, which we would like to test in other CY geometries and higher-order spectral traces. 
  
A preliminary numerical analysis of the first spectral trace of local  for  shows 
logarithmic-type terms in the sub-leading asymptotics. 
[Rella, 2022] 

Moreover, our exact results on the first spectral trace of local  fit within a broader research 
program investigating the connection between the resurgent properties of q-series and 
quantum modular forms. Work in progress with V. Fantini and M. Kontsevich. 

Finally, our asymptotic series can be defined a priori on the topological strings side of the 
TS/ST correspondence directly.  

A WKB ’t Hooft-like regime associated to  provides a new analytic prediction on the 
semiclassical asymptotics of the fermionic spectral traces from the NS topological string in a 
suitable symplectic frame. Further work is required to obtain a full geometric picture. 
[Rella, 2022]
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ℙ2

ℏ → 0

Final remarks and work in progress
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